ABSTRACT. Given a sequence of monic orthogonal polynomials (MOPS), {Pn}, with respect to a quasi-definite linear functional u, we find necessary and sufficient conditions on the parameters an and bn for the sequence 
INTRODUCTION
We consider two positive Borel measures 1, 2 supported on a set I C IR with infinitely many points and such that d# dul q-where q(x) l"I(x x,) has their zeros outside I. We denote by {Pn} and {R} the MOPS with respect to 21 and #:, respectively. Then, it is well known that Pn(x) Pn_ ( _--d#l (see [15] and [18] ). This means that R,(x) P,(x) + al)pn_,(z) + +
with a( t) # O.
We are interested in some partial converse of the above result when (q(x)u2, p(z)> q(x)p(x)dp2 (x) fp(x)d#,(x)= (u,,p(x))
i.e. qu2 u in the space of linear functionals on IP.
If q is a polynomial of degree two and u is a quasi-definite linear functional our first problem is to find necessary and sufficient conditions in order to u2 defined by qu2 u be a quasi-definite linear functional.
Maroni studied this problem when p is a polynomial of degree (see [13] ) and in the case when p is a polynomial of degree 2 with Zl z2 (see [14] ). In this last case, he does not give the proof of this result. The conditions that we give here are basically different from that ones.
On the other hand, we consider the following inverse problem:
Given a MOPS {P,} with respect to a quasi-definite linear functional ul, to characterize the sequences (an), (bn) of real numbers, such that the sequence of monic polynomials
Rn Pn + anPn-1 + bnPn-2, n >_
is orthogonal with respect to some quasi-definite linear functional u=. As an immediate consequence, to find the relation between ul and A first attempt to propose an inverse problem was made by J.L.Geronimus in [6] . In fact, he obtained information about the quasi-definite linear functionals u and v associated to two MOPS {Pn} and (R,) related by (2). Furthermore, he gave necessary and sumcient conditions on the family {R,} in order to be orthogonal with respect to v. This problem is also connected with positive quadrature formulae (see [19] ). 
We have proved that this relation characterize classical MOPS (see [3] ). This problem is connected to another stated by Geronimus (see [7] ): 
QUASI-ORTHOGONALITY
We now introduce the algebraic tools that we use in this paper, (see [5] and [12] 
where (.,.) means the duality bracket. Furthermore, {Pn } satisfies the following three term recurrence relation xP,(x) P,,+a(x) + ,,P,,(x) + %P,,-I(x) for n 1,2,... Po(x) 1, Pl(x)= x o. (6) where (/3,) and (%,) be two sequences of complex numbers with "7,+a 
where, (14) is called a co-recursive sequence of the MOPS {P,, }.
Notice that these polynomials verify the same three-term recurrence relation as {P,} with initial conditions P0(x; c) and Pl(X; c) Pl(X) c. [5] , [9] and [10] ) are orthogonal with respect to the weight functions
where p is a positive polynomial in [ 
so, we get (24).
["]
PROOF OF THE THEOREM. From the above lemma, it seems natural that the necessary and sufficient conditions for the quasi-difiniteness of v were given in terms of xl, x2, v0 and Vl.
-'n+l
As {P,} is a basis of IP, we have R,.,+2(x) P,.,+2(x) + z...,=o a,,,P,(x), where the coefficients an,k can be obtained as follows:
where an+2 a,,,+l and b,,+2 a.,,; so, a necessary condition for the quasi-definitnes of the linear functional v is that b.+: # 0 for n (by (5)). 
Applying the quasi-definite functional u to both members of (26) and so on, we get 
where (a,,) is the dual basis associated with {R,} and A, (u,R,), 0,1,2.
As {Rn} is a MOPS associated with v we have by (7) an (v,m.)v for all n E lN; and so (42) can be rewritten as u + a l R l ( x ) l l + R2(X)rhr/2 <v, 1)"
Taking into account Rn for n =-1, 2 we get (38).
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EXAMPLES. We will construct two MOPS strictly quasi-orthogonal of order 2 with respect to:
(1) Second kind Tchebychev MOPS, {U,,}. [i]
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